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Year 2 Series - method of differences/Year 1 Proof by induction - summations proof

Answer ALL questions. Write your answers in the spaces provided.

1. Prove that

i 1 B n(an + b)
(r+D(r+3) 12(n+2)n+3)

r=1

where a and b are constants to be found.

METHOO |:method of differences
notice from the sigma notation that ue're asked to evaluate a summation -
but the {raction uith the 1 in the numerator means ue can't use any of our
standard summations results from CPI .. only left to use method of differences
from CP2

Lineed to qet expression for uy in the question o look like

n
3 f(r)- §(r+1) - 50 looking to use PARTIAL FRACTIONS

r=1
4 A, 8
Ur ZCanir3) ral r43
=) | = A(r+3) +8(r+!)
WAY I:by comparing coefficients WAY 2 : by substitution
...r terms- ...constant terms: let r=-3,
0=A+8B -0 1=3A48 -0 =-28
<-1  =-2
=) 8- "/7.
©-0 3A+B=| let r= -,
- -2
2A= | S
PP 1 = Azlh

Az'lo

sub into O
=L
0==+8
=) B=-/y
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_ A
EA (r+|)(r+3) I(ru) (r+3)

é - _'- -this is a subt raction |SO can use
ey 2(e1)  2(r+3)  method of drfferences

WAY |:numerical method-Sub (n r'I.I,B, qn=hn
I l - 1

Uy — - =
2(1+1) 2(:+s) H

o z(z+|) 2(z+3) /Z

10

b 2(3+|) 2(3+ 3) ’/u’%

Z(r\ -2+1) Z(r\ 2+3) IK/;—A—/Z
Un-g : 1|(n |+|) 2((1 |+3) _27': 2(,”2)
Un :

z(ru-l\ 2(n+3) /M/ 2((“_3)

after cancelling all like terms, left with:
g RN
4 ¥ 6 2(n+2) 2(n+3)
qetting common denominator
3(n+2)(n+2) + 2(n+2)(n+3) = €(n+3) -6(n+2)

12(n+2)(n+3)
expand further

3n2415n+18+2024+|0n+12-6n-18 -6n-12
[2(n+2)(n+3)
= Sn¥+I3n
12(n+2) (n+3)
= n (§n+ 13)
12(n+2)(n+3)

fadtorise ‘n' out

WAY 2:mechanical Hay



= I
let {(r)= 0o+i) and £(r+2) = 23)

evalyate 2'\_ {(r)—f(ru) for r=l,2\3,...,n-2,""l“
wif()-F(1+2) = $)-$63)
up:f(2) - (2+2) = f(2)-$4)
uy: f(3) -f(3r2) = fm.—m)

Un-p: f(n-2) =f(n-2+2) = {(n-<2)-£4n)
Ua-p: F(n-1)-f(n~1+2) ""“"(') ~£(n+1)
un : f(n)=f(n+2) =f(ai-$ns2)
after cancelling, left uith
£0) +42) - £n+1) =f(n+2)

swbbing into prev. defined $(r)
oy : | |

2(1¢1) 2(201)  2(n+1+1) 2(n+2+)
| LA 2 L
4t 2(n+2) 2(n+3)
and manipulating as seen in
to qet-

n(Sn+13)
12(n+2)(n+3)

METHOD 2: by induction |
could've treated this as a. summakions proof by induction -i.€ proving Ur (s true
for all neN (by proving true for n=1,2,...)

Step [: base case -.prove true for n=|

A _ =L 1 RS
= riu Cean)(r43) = (141) (1+3)  2(4) " 8 (aln+b) - atb
12(1+2)(1+3)  12(3)(4)
LHS = RHS = a+b
ath 4

[
=) g aw

cross multiply
144y =g(a+ @2‘

=3 :
a+b=18 -0



nod next : prove true for n=2

= — L, L RMS: g (2a4b
o 2 ""')‘“3) s fEmls) ™ 8%36) 2(2a+b)
_ 23 12 (2+2)(2+3)
120 = 4a+2b
12(4)(5)
equating LHS=RHS
23 _ 4a+2b
120 240
LHSx2 so can @quate numerators
46 =Ya+2b -O
© ®
®-0 2a+b =23
—a+bz/8
Q=S - Subinto ©
+b=18
=) b=1[3
step 2:assumption step-assume ‘a' and ‘b’ true for n=K
S Lo = k(Sk+!3)
S U 2 (ke 3)
Step 3: induction sfep prove true for nzke|
K+l | 2 |
Z, UH)“*S) é (r-rl)(r+ 5) - (f+l)(r+3>)
L k(SkHS) " |
= K(Sk+13) [

12 (k+2)(k+3) +(m)(k+q)
getting common denominator
(Sk13)(kiy) + 12(k+3)
12(k+2)(k+3)(ki4)
expand numeratodr
Sk5+ 35“2{'52“ 4"2‘("% _ {,q({.on'se numerafor
12(ke2) (k#3) (k) ( )




Question 1 continued

= (k+1)(k+2)(Sk +18) _ (k”)(Sk“s)
120D (ke 3) (k) 12(Kk43)(Ke4)

wtrue for nzk+|

step 4:conclusion step:
Since true for n=1 and 2, if true for nzk and true for r\-k-:-l
then l-rue {-or all néN
n(Sn+13)

12(n+2) (n+3)

=) 2 (m)(u&) -

(Total for Question 1 is 5 marks)
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Year 1 Proof by induction - divisibility proof

2. Prove by induction that for all positive integers #,

f(n) = 23741 + 3(52*1)
is divisible by 17

prove Lj induction — prove conjetture istrue forall ne N -here de«lhs
Jith 0. DIVISIBILITY PROOE

step I:base case : prove true for n=|
|
P = 2204 3 (52000)

=2"+3(s5%)

= 16 + 3(125)

=16+437?S

=391 =13(23)
strue for n=|{

step 2: assumption step: assume true f“ n=k
Hk)=13k” t 3(5'2“4) is divisible by 13 for all keN

Step 3:induction step
WAY I: indices manipulation

£(t) = Q3 (s
split indices up to qet {(k)
= 9 Skl 23 N 3(5.2u4|) -

- S(ZBAH) " 3(5214-“) 76
need to spht the 725 coeﬂu’(ien{' such that factor {-(k) out
and GoE an @xpiession that (S a multiple of IS

1S
/7 \
? 1#

=$(23k+| i_S(SM\-I-I)) + |}(5(slkﬂ»

=g (+tk)) +13(3(6**"))
vhith /4 divisible by 17
st Jol nzk+|

l(k+|)+|)
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WAY 2:more methodical $(k+1)-§(k)

Flka1) -flk) = 230¥H ) g (g2ked) g 3kel 5 (g2kt)
splitting up the indices ko get f(k)
- 23k+ | (23) +2 (5'2“‘“)(5"') _ Zsml -3(gzk+l)

= g(zyﬂ-l) ‘l’ZS( B(S-an)) _235(4"_ SLSu‘.“)
collect Like ‘terms’

= }(ZZki-l) +z|.'(3(s.lki-l)) /)
¢plit ‘L4 coeffitient so factorise flk) AND get a multiple of 1

=322 3(5%M)) + 13(3(5))
=) $letl) = 8 (23%H) + 13 (3(5%1))
~trae for n=k+ |

step U:conclusion step
Since trae for n=|) if true for n=k and true $or nzk+l) then true for all neN



e

DO NOT WRITE IN THIS AREA

Question 2 continued

(Total for Question 2 is 6 marks)

AN

J
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Year 1 Complex numbers - solving quartic
equations by inspection

f(z) =2+ az® + 62 + bz + 65
where a and b are real constants.

Given that z = 3 + 2i is a root of the equation f(z) = 0, show the roots of f(z) = 0 on a
single Argand diagram.

notite ve're given @ yuhith actording to the Fundamental Lav of
Agebra can have the {ellourng co mbinat(on of roots:
“Y real roots
- 2 real soots ond a complex Conjugate pair
© % ¢omplex Conjugate pairs
L because already given a complex root, 2 know that the setond root,
2,, must be the complex conjuqate of 2,

follouing rule that 2:q+bi, 2¥=za-b¢
2:34-21', 2*:23-2
METHOD I : by inspectibn
forming a gquadratic owt of the complex conjugate pair

WAY |: reofs of polynomial egquin VAY 2: fngr theorem -} (x-2)
gqeneral rule: 22-(x+8)+a R is a factw, $(2)50
where 2+2%=22q =2(3)=6 (2-2+20)(2-2-20) =6

ad
2}*.:_ 2 7.+ 251321*51 Cipa
“ 22 - (3420 +3-2i) +(3+20)(3-2i)
= 2'-62+13
and to get the -need to multiply 0ur quadratic by another
quadratic —eq. A2t+B2+C ( NOTE:in caprtals gp doesn't et Confused &y

loues Case in equation

(262413)(A22+B2+C) =
.Solve BY IASPECTION -compare UNouN coefficients

T N I
=) A =| Y
e S:
consiant 13A-68+C=(
13¢=65
13 213 =13( )68+ =¢
=) ¢=5 )6p =12
=6__=6
Pearson Edexcel Level 3 Advanced GCE in Further Mathematics
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=)y B=2
~unknoun=(22422+5)

2z -2 +]2)*-4(1)(1)
2

- "'Z'.'.'\"'I-ZO :—2tF_'Z
2 2
-1£2¢

=) Y4 roots: 3£2() =] *2i — plot on Argond diaglam o
Complex numbe/s (a +bi) represeated vith (artesian (Wd‘.(MHS

ab)
n
1420 22
-l-2( J 2-2¢
METHOO 2:using factor theorem to get {full ~then
for roots
using fact that then -for given 2:3+2;
3+2i
(3+20)"+ @ (3¢20)+ 6(3+20) + b(3+2)46S
evaluate on calc
“119+120i+a(-9+46i) +6(S+12i)+ 3b+2b( +65=0
expand brackets
=119+)200-9a +46ai +30 + 321+ 3b +2bi +6S=0
equate real and imaginary terms
.-.real: .--imagfr\arj:
“119-9a+30+3b+65=0 120+ 46q+32+2b=0
=) 9a-3b =-119+30+6S =) 46a +2b=-[92 -©

=) qq-3b=-24 -0

Sub into §(2)



Question 3 continued

f(2)=2"-4 42
solve for roots wsing -
2 =32ty 2 :3-—2(‘, 33=’|+2i’ 2,51 -2(

plot’u’ng on the Argand diagram

_ TIm(2)
-l+2¢ 342(
) R el?)
=12 -2

NOTE :uould usually be able todo ‘roots of polynomial equations
formulae but given ‘b’ is part of ‘SaB' uhich we don't have enough
mformahon to nnaljse

(Total for Question 3 is 9 marks)
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Year 2 Polar coordinates - finding areas under polar curves

(ORI

")

» Initial line

Figure 1

The curve C shown in Figure 1 has polar equation

r =4+ cos20 0<bL

(O]

At the point 4 on C, the value of  is %

The point N lies on the initial line and AN is perpendicular to the initial line.

The finite region R, shown shaded in Figure 1, is bounded by the curve C, the initial line
and the line AN.

Find the exact area of the shaded region R, giving your answer in the form pz + ¢ V3
where p and ¢ are rational numbers to be found.

loom'ng at the exact area we're asked to find-remember that with
polar areas have to consider these radially

AA
} ey

area of triangle

first evaluate :rem ember formula
for (nteqration of polar curves: _L!ﬁ 240
2],
knou that but for the @ at A need to subin given into
the polar equation to get the corresmnding for
= 4 +¢0s26

=) 0520 '-"/2
taking cos™! of both sides

=“1f1 . n -0, \= -
=26 = cos™('h) = _g’((za h)= S/, )
Pearson Edexcel Level 3 Advanced GCE in Further Mathematics
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=2 +2
Question 4 continued
Sub into {ormula for polar inteqration

=) zlf (4+c0s26)*d0
expand iaside the bratket

nlg
= lj (16 +8c0526 +€05226)d®
290

know can't really inteqrate triq powers -using cos
double angle rearranged

cos?o= 41 ' +L0s20
coszze = —- + -—costfe

‘/6 1
75 f 2 12005204 cosl:e) 46

integrate usmg [eoskd = -k-sml(9+C

=1 [32 . Ao
—2—[ > O+Y4s5n26 + 2 sm‘te]

hOW @area of triangle OAN-usin3 fact that ue know that r- q/ziusft\ﬂ
9/ A dfn of polar coordinate :(rcosq rsing)
2

=y . 9 - 903
knou that ON-)C-—Z-COS( )-__5

l.'
° N AN=\J=‘;’$""( )=q/
. IRYE
TR N
(Total for Questioir41S 9 marks)
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subbing all into overall strategy for R

R o= -8
2>
& 32
simplity
e= o-38
8 2

T
uhere p= 2 q:-34



Year 2 Modelling with differential equations - forming and
solving first order differential equations

5. A pond initially contains 1000 litres of unpolluted water.
The pond is leaking at a constant rate of|20 litreé per day.

It 1s suspected that contaminated water flows into the pond at a constant rate of 25 litres
per day and that the contaminated water contains 2 grams of pollutant in every litre of water.

It is assumed that the pollutant instantly dissolves throughout the pond upon entry.
Given that there are x grams of the pollutant in the pond after ¢ days,

(a) show that the situation can be modelled by the differential equation,

dx 4x

A T 200 +¢

(b) Hence find the number of grams of pollutant in the pond after 8 days.

(c) Explain how the model could be refined.

(a) noticing this is a typical ‘filling the cont-ainer' 10D question €0 using
the following format :

-vol. of liquid after ‘¢ days: 1000 -I-(ZS{"ZOQ =000+ St
- concentration of pollutant after‘t'days: Zop0+s¢

‘rate of pollutant in : 29x25 =509 per day

-rate of pollutant out: = X210 = 20x _LL’-‘-
1000+ §t 1000+St 200 ++

: by definition of .‘:‘_’:zrqte in -rate out

:) ‘_‘_x_’ = SO" t"—)-L
At 200+t

(b) nov asked to Solve the above 10DE -getting in form L‘ﬁ_ +Py =Q
if + 4x =-so
at 2004+t

Lsee straight away can't use
as it inyolves the sum rather than the product of tuo eXxpressions

L seeing (f can use oa LHS
Pearson Edexcel Level 3 Advanced GCE in Further Mathematics
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_At | 200+t ~can't use reverse product rule
~—

_(')-‘100“£X

-only option is ¢ : =
y option (s to eqln(200+f\ _em(zooqu

—4 (X)= d" (v)

Mul{(’pl,ing by
(20044) " dx 7y (200++)" )rso(zoo+ t)*
&t‘/ ZOM

t h ]
(2004); = 4(20044) 3 (v)

and, checking for (v)
“revufite LHS as
dit(x(zoom") = §0(2004¢) "
inteqrate both sides
x (200+t)* fso(zoow)"dk
6.5 x(200+t)' = 10(200+t) +c

Subbing in logical initial conditions -
when ¢=0,¢=0

o(zoo+o)"=lo(zoo+o) +C
=) 1.6x10%= 10(3.2x10") +C
2 1.6 x109= 3.2x10'% +¢
=)c=-3.199...x 10"
= -52 x,ouz

P.5 J((ZOOH.-)":lo(zom’c)"-;,zaqo'z
and subbing in =8
x(200+8)"= lo(zoo+$) -3.2x 0"
-(zoo+8)
= 10(200+8) - 3.2xI0"

(200 +8)"
=330.391¢... =330q (3 s4)




Question 5 continued

(¢).unrealistic that the pollutant disselves straight avay upon eniry
- the rate of Ieakil\g could be made to vary uith the volume of water
in the pond

(Total for Question 5 is 10 marks)

Pearson Edexcel Level 3 Advanced GCE in Further Mathematics
Sample Assessment Materials - Issue 1 - July 2017 © Pearson Education Limited 2017



Year 2 Further calculus - inverse trig integration; mean value of a function

6. ¢ _x+2
)= x2+9

(a) Show that

Jf(x)dx =Aln(x*> +9) + Barctan(g) +c

where c is an arbitrary constant and 4 and B are constants to be found.

(b) Hence show that the mean value of f(x) over the interval [0, 3] is

l1 2+l
6 T 18"

(c) Use the answer to part (b) to find the mean value, over the interval [0, 3], of
f(x) + Ink

. » . : 1
where £ is a positive constant, giving your answer in the form p + gln q,
where p and g are constants and g is in terms of .

(a) notice asked to in%Fe afle. ] irachonal expression - loolung at the three
vays to do this: T

Is there a single term in the denominator?
4b. Can | do fractions?
Does the denominator factorise?
4c. Can |l do al aic division?

Is the fraction improper?

..can split the pamerator and evaluate the two
separate integrals:

+2 _ _i@
ijq dx = j\X""qu*.

© using integration by reverse chain rule (because the
numerator is a scalar multiple of the derivative of denominator)

consider: In(x*+4) X
differentiate ((HAIN RVLE): PO
scale: x'/y
|
2 Iln(x‘i-‘l)

looking at the different formulo book integrations

Pearson Edexcel Level 3 Advanced GCE in Further Mathematics
Sample Assessment Materials - Issue 1 - July 2017 © Pearson Education Limited 2017



o (2] a3
ﬁ aaaaa *‘[ ) +¥ - aty =)
glixz iln‘g‘ =£ar‘[anh (5] (x| < a)
ol
2
=) Ii:qu: Lin(xt+9) + +C

(b)remembering the {ormula. {or meah value of a function:

'HI)° f f(x)dx -Subbing in
2
- -0 f X_:'__ dx - f‘3 )(47.
0 X°49 3 x’H

knoWw the mde{am{e ml-egmhon of above
from part (a) - need to evaluate
this at the limits

= _;_ Fn(x*+9) + %arc{an(%)]s
[

n((3)*+9)+ 24an™'(3)] -
n(9+3(§)]-[ 31a(9)+0]]

iy
z( 3 1n(18) - Lin(a) + _)
using quotient rule on the logs
“§(1(3)+5)
< -6!-lr\(2)+_l’fé

L
2
i
3

. Wl—-

(c)notice now we're asked to evaluate a geometric consideration - have to
tncrease the mean value by ln(k)

+ln(k) but need all Ln terms together so get

common denominator



Question 6 continued

| 4 n
-élnf.l) +—6-ln(|‘) t g
Factorise g out
= -6'-(ln(2)+ 6in(k)) + '118
using log power and addition rule

=1 6 n
< (In2k )+r8.

=)p= s, 4= 2k°

Reminders:
Students find fractions tough as fractions can be so many types.

Check first (and throughout the question) if you can simplify by:
> using basic indices rules to simplify and expand bhrackets
o xAxxb=xath
o :—: )
o = means 2x7L,
5x 5 =
o (¥)*or¥x¥ =xb
> Factorising and maybe cancel ficst |
> Is there a single term in denominator?
1 a+b _a

split fractions using == = =+ % or(a+b)™*

Then ask yourself:
Kt

i el
1. Isitan easy power type?/ x"dx = —

2. Isit In (natural logarithm)? Form [ %dx

To recognize these, the power in the denominator is (almost
always) 1. When you bring the denominator up to the
numerator using negative power indices rule you get a power |
of—1. By adding one to the power and dividing it, you'll end

up dividing by zero which you can’t da ]
(x;
oIl
f(x)
1 .

Method: copy In(denominator). Remember ignace then
M&enﬁ to check you get what is inside the integral -
correct with numbers only, not variables and only correct by
multiplying or dividing. We can ignare the pink part since the
derivative ‘pops’ out when we differentiate and we know
when we differentiate our answer it must be what is inside
the integral).

3. Isitbring up and harder power type? Bring the power up and
becomes the form| f'(x)f (x)" dx = @}Tl +C
Recognisable by a power in the denominator other than

[—2_ = [ax(2x? - 10) 3 dx etc

(2x2-13
4. Is it Partial i ! i by products in the
denominator.
- A B
Ll e bt
B 4
Form:2 (dx+e)(fx+g?  dxte * fxtg | (Fxtg)?

(only advanced courses have this form)
A B+t

o [@cte)fx2tg)  dxte | fxitg

5. Isitdivide first? Recognisable by two or more terms in the
denominator and also where we have the matching highest
powers in both numerator and denominator or a higher
power in the numerator

6.  Rewriting/adapting fraction in a clever way (split up the
numerator to get two fractions)

7. Isitinverse trig? (may need to complete the square first)
Either use the inverse trig results below or use a trig
substitution

1 1 b.
f —_—dx = —sirrl(—x) +C
a? — (bx)? b &

f—;dx = 1cus_1(b )+c
Va2 - bx)? b a

1 1., (bx
fﬁ dx = —tan’ (—)+(.‘
a*+ (bx) ab a

(Total for Question 6 is 9 marks)
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Year 2 Volumes of revolution - volumes of revolution about the y-axis

7.

Figure 2

Figure 2 shows the image of a gold pendant which has height 2cm. The pendant is
modelled by a solid of revolution of a curve C about the y-axis. The curve C has
parametric equations

1
E= cosf + EsinZQ,\ y=—(1+sinf) 0<0<2n

(a) Show that a Cartesian equation of the curve C is

=t + 2p)

(b) Hence, using the model, find, in cm?, the volume of the pendant.

() this should remind us of converting trig parametric equations to
Cartesian equations from Pure Yr 2:
uant to manipulate each of

x={(6)and to then subinto KNOWN [DENTITY:
S(n2O +¢05%0 =|
.. X function first:
mam'pulqlusing sin double angle-5in26=2 sinOcosd
= (0sO + = (Zsmecose)

X =050 + Smecose
factorise cosO out
x =050 145inb)
N
hotice this is™y'
xrcose(—\d)
=

-)‘WT’]

next: .

=) \

e
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DO NOT-WRITE IN THIS AREA

- DO:NOT WRITE INTHIS AREA

Question 7 continued

Subbing into trig iden&ﬂ-:,

(5) +Con=1

expand
2
_3\;-_’. +y'-2y+l =]
- Xt _ .2
_)?z- ‘\’+2:’
x‘il "‘jl

=) xt=- \J"-I-Zj"’
factorise -| out
=)X.‘=-(\j"—2'j$)

(b) notice need to sub into formula for volumes of revolution about the
ry-axis' : V=a ‘(3 x‘dj
X

=) V=rrf = ) dy
integrate above

= a[{F)+ 44

) -n$ _

NOTE :usually could're used the volumes of revolution formula for parametricaly
defined curves -but the fact that we're asked to find the Cartesian equation
for C hints ue shoald use the cfandard formula for volames of revolution

about the y-axis AND using the vol-of rev. for parametrics gets really herible

Pearson Edexcel Level 3 Advanced GCE in Further Mathematics
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Question 7 continued

Pearson Edexcel Level 3 Advanced GCE in Further Mathematics
Sample Assessment Materials - Issue 1 - July 2017 © Pearson Education Limited 2017

S

YUY SIHL NI LM 10N Oa




e

DO NOT WRITE IN THIS AREA

Question 7 continued

(Total for Question 7 is 8 marks)
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Year 1 Vectors - reflections of a line in a plane

-2 -4 +6
8. The line /, has equation a YR Y =z

The plane /7 has equationx — 2y + z =6
The line /, is the reflection of the line /, in the plane /1.

Find a vector equation of the line /,

notice we've asked fo reflect the line [ inthe plane (T
baim to qet 2 points that are on the reflected 2,(r.e 0,) and
find the vector equation thesugh them

4 l Ly first point . poinl of intersection between
/ and. T = notice given T in Cartesian form-
LL11 )1 ) I N/

WLl peed its Scalar product folm

M- r’-(‘,’)=6

and 7, in Cartesian-need its vector parametric form

( negated numerator = position vector
denominator = direttion vector)

7 (-tz's) ) 7‘(:‘?)

of uhich genefa( coordinate :

for p-o-i = sub 7 iato

[52) [3) =

Qualuate dot product:
244n-2(4-22) +(-6+2) =6

expand
2+42A-8 +4N-6+2=6
¢ollect ke terms:
9% =19
5 =q
=)[A=2)
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Question 8 continued

sub into to get p.o.l
(2) 0
( (7.)> = ( (0] >
2/ -y
second,_point : reflection of a given point ( ) through

the plane

M

can do this by finding the p.o.i bo.{uee?r_\ {hv-_iglane and the (ine perpendiqular
to the plane — its position vector = (?,‘ ) ,

-6
—durection vector (NORMAL 7
Va\1W — toplane= = {9
4 _ {rom ils Cartesian | |

ot (ed)

i 27 TN 5 = , A
) 7gefngrql coordinq-}e:(%.-%f 7 ©) ¢ A
-GW)

~ heed p.o.ibetween 0pep. and M- Sub
7qeneral Coordinate into scalar product for T

TV VIS < |

evaluate dot product
2+t-2(Y-2¢) +(-6+t) =€
expand brackets
24t -8 +4t-6+t=6
cohtect like terms
ot =19
=6 =6

=)[t=3)

considen'ng if from to plane t= 3 then from plane to ref|ected
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Question 8 continued

po(r\t +his must be another t=3 - the point on IPQ,P,ul\efe t=6
Subblne this N

2+€ e
Qpelp: ( q—2(6)> = (-8) -
-6+¢6 °
now just need vector equation through these:

take ANY of the tuo points, ' or © ag the position vector and the difecton
veckor =
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Question 8 continued

(Total for Question 8 is 7 marks)
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Year 2 Modelling with differential equations - solving and
evaluating second order differential equations

9. A company plans to build a new fairground ride. The ride will consist of a capsule that
will hold the passengers and the capsule will be attached to a tall tower. The capsule is
to be released from rest from a point half way up the tower and then made to oscillate in
a vertical line.

The vertical displacement, x metres, of the top of the capsule below its initial position at
time ¢ seconds is modelled by the differential equation,

@+4%+ = 200cos? t>0
mdt2 & X cost, >

where m is the mass of the capsule including its passengers, in thousands of kilograms.

The maximum permissible weight for the capsule, including its passengers, is 30 000 N.

Taking the value of g to be 10ms™ and assuming the capsule is at its maximum
permissible weight,

(a) (1) explain why the value of m is 3
(i) show that a particular solution to the differential equation is
x = 40sint — 20cos?t

(ii1) hence find the general solution of the differential equation.

(b) Using the model, find, to the nearest metre, the vertical distance of the top of the
capsule from its initial position, 9 seconds after it is released.

(a) (i) see that yueight and ‘9" are all LINKED by the formula: H=mq

Sulobing in umax = 30,000 =but (n thousands o {30k
and

30 =
=/0 <10
) M=

=y 28X pydx Ly
) SR tHE X 200c¢ost
Lii) WAY 1: by substitution into 200E

noticing that we could sub the given into LUS of the 200F -

if 1t equals the 2HS then ue've proved (t's a
2= 4O0sint-20c05¢

dx - 4Ocost + 20sint
dt¢

A = -Y4Osint +20¢ost
att
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Question 9 continued

3 (""le\'n{ +20cost) +4(40cost + 20sint) -I{'-lOsir\l:-ZOr.oSt)
expand brackets
—|205int+60cost +160cost +Z0sint + 40int ~20co st
collect like terms

=200cost = RHS
NAY 2:using P.T table

Form of f(x) ] Form of particular integral I
k A
ax+b A+ ux |
ax? + bx + ¢ A+ px + vx?
keP* [ AePr . h - ) t . f
M COS WX ¥, | Acoswx + psinwx | ek x - LOS * Ms ' n )
m sin wx Acos wx + psinwx
mcoswx + nsinwx | Acoswx + it slnu[x ] d)c : —) S‘.n* + H‘os‘[
'WARNING! df
The particular integral must not contain any term in the
::;\m:nl,rawmncﬂ;:n lrl llt:oerl-yW'll nt:glt:adtlanl d 2)( ™
evenan n front of your usual lorm
A2 _ -y cost-msint

dt*

sub into 200¢

3(-Ncost-psink) + Y (-nsint+ pcost) + Acost +usint =200 coSt

expand brackets
-3 cost - 3psint - ¥AsiNt + Ypcost + Acost +msiat = 200cost
—_— g ———
...COMparing oS :
=3IA+4Mm+2 =200
colect like terms
“22+4m =200 -0

3 -4A 4 =0
" Collect lixe{erms
_2’4"(3:0’@
0) @
@x2-0 -QM-‘-I'X =400
-2 =4x =0
lom = 400
=10 <10
M=40
sub into @ -2( )-Yx=0
=)42:=-80

<4 T
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2 =-20
Subbing into (nitial 7x'P.T
z) PT | x= sint = 70 cost

Question 9 continued

(i) A.E Ini+ltm+=0

solve -
mo= =Y J(y)-4(3)(1)
2(3)
= -4 JI6-12 _ _yefy
6 "6
S-4 2
6

=lm :"I/s or ‘I
Ltuo real roots -so subbing into asseciated general A.E formvia:

2 =1/t
Xz Ae“t+BeB£5 x=Ae t, Be °

G.5=A.E+
u §eom (a)(i7)

/3

\ -l
65 :x=Ae l'»fBe. f+'-|0$inf-20cosf

(b) suggests have to sub initial Conditions in:
at £:0,%x=0
0=Ae’ + Be +U40sin(0)-20¢os(0)
=) O:A+6’20
=) A+B8=20-0

and at l:=0,93'“=0 :
at

differentiate - .° -using %{. (ek?): ket
-
ﬁ—l’f =-Ae’t —-;: Be 13£+ 4O cost +20sint

=) 0=-A-'he +40
=) A+'/3B =40 -©
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Question 9 continued

©-® A4+8=20
= A+18=40

2p=-
.3_3 20

e ——
<Yy =Y
=) 85‘30 Sub ‘,\{o ®
20 =A
=>A=50
subbing these into (pact (i n'))
x: et e‘llst-l-'-IOSl'n'l:-ZO cost

Subbing when ¢=9

-1/3(9)

x=50e " -20e "+ 40sin () - 20¢0s(9)

=3Im

(Total for Question 9 is 12 marks)

TOTAL FOR PAPER IS 75 MARKS
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